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> ■ Abstract 

^ , We derive one-point functions of the N = 2 super-Liouville theory on a half hne 

using the modular transformations of the characters in terms of the bulk and boundary 
^ ■ cosmological constants. We also show that these results are consistent with conformal 
^ ' bootstrap equations which are based on the bulk and boundary actions. We provide 
various independent checks for our results. 
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1 Introduction 

Two-dimensional Liouville field theory (LFT) has been studied for its relevance with 
non-critical string theories and two-dimensional quantum gravity dill- This theory 
has been extended to the supersymmetric Liouville field theories (SLFTs) which can 
describe the non-critical superstring theories. The LFT and SLFTs are irrational 
conformal field theories (CFTs) which have continuously infinite number of primary 
fields. It is very important to develope a CFT formalism which can apply to these 
irrational CFTs. There have been a lot of developments in this direction. Various 
methods have been proposed [3' to derive structure constants and reflection amphtudes, 
which are basic building blocks to complete the conformal bootstrap [HE]. These have 
been extended to the = 1 SLFT in [HI H] . 

More challenging problem is to extend these formalisms to the CFTs with a bound- 
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ary with a conformal boundary condition (BC). Cardy showed that the conformal BCs 
can be associated with the primary fields in terms of modular S-matrix elements for 
rational CFTs [H]. It has been an active issue to extend Cardy formalism to the irra- 
tional CFTs. For example, the conformally invariant boundary states can be related 
to D-branes in the context of string theories El E]- An important progress in 
this direction has been made in jT2]. With a boundary action which preserves the 
conformal symmetry, one-point function of a bulk operator and two-point correlation 
functions of boundary operators have been computed by conformal bootstrap method 
which extends the functional relation method developed for the bulk theory A 
similar treatment of the LFT defined in the classical Lobachevskiy plane, namely the 
pseudosphere has been made in ^31- This approach is generalized to the N = 1 SLFT 
for the one-point functions and the boundary two-point functions [T3] . 

In this paper, we extend this approach to the N = 2 SLFT. This theory is of a 
particular interest in the string community for rich properties |TBJ. In spite of the 
extended symmetry, it turns out that exact correlation functions of the N = 2 SLFT 
are much more difficult to derive than previous cases. The main reason is that the 
N = 2 SLFT has no strong-weak coupling duality. The invariance of the LFT and 

= 1 SLFT under b ^ 1/6 is realized when the background charge changes to 
1/6-1-6 from its classical value of 1/6 after quantum corrections [3 EI- AH the physical 
quantities like the correlations functions depend on the coupling constant through this 
combination. This invariance maintains an equivalence between a weak 6 << 1 and 
strong 6 >> 1 coupling limits. This duality as well as the functional relations based on 
the conformal bootstrap methods are essential ingredients to obtain exact correlation 
functions uniquely for the LFT jH] , the = 1 SLFT , and their boundary extensions 

[nmni Ellin!. 

Differently from its simpler relatives, the N = 2 SLFT is not renormalized and no 
duality appears. This nonrenormalization is a general aspect of A^ = 2 supersymmetric 
quantum field theories in two-dimensional space-time. Without the duality, the func- 
tional relations satisfied by the correlation functions can not be solved uniquely. In 
[T^ , an A^ = 2 super-CFT has been proposed as a dual theory to the N = 2 SLFT un- 
der a transformation 6 ^ 1/6.. Based on this conjecture, the bulk two-point functions, 
or "refiection amplitudes", of both Neveu-Schwarz (NS) and Ramond (R) sectors have 
been computed and various independent checks have been made. 

Computing the one-point functions of the N = 2 SLFT is more complicated. The 
standard approach for one-point functions initiated by [121 Ej and followed by [121 El 
Ej is the conformal bootstrap method which can generate functional relations using 
the conformally invariant boundary actions as boundary screening operators. The 
boundary action of the N = 2 SLFT has been recently derived in PHj- However, the 
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lack of the duality prohibits this approach here too. Namely, the N = 2 SLFT with this 
boundary action is not self-dual either and one needs to know the boundary action of the 
dual N = 2 theory. Without this, one can not solve the functional relations uniquely. 
Due to the nonlocality of the bulk action of the dual N = 2 theory 18 , the method used 
in the N = 2 SLFT seems not be applicable. We need a different approach. In the 
previous works [THIIT^ IT^. one-point functions have been obtained from the conformal 
bootstrap methods and confirmed by modular transformation properties using a known 
relationship to the conformal boundary states In this paper we reverse the steps; 
we first derive the one-point functions from the modular transformation properties. 
Then, we relate them to the bulk and boundary actions of the N = 2 SLFT and 
its dual theory by conformal bootstrap methods. Although the functional relations 
obtained in this way is not complete due to the limitation we already mentioned, they 
can give essential informations which the modular transformations can not provide. 

There appeared already a paper which used the modular transformation method 
to find the one-point functions and associated boundary states ^l]. However, this 
paper considers only a special value of coupling constant and only a vacuum BC. 
Moreover, a direct relation to the N = 2 SLFT is missing. Our results include general 
one-point functions for general BCs parametrized by a continuous parameter. We 
also provide various consistency checks. Using the one-point functions, we rederive 
the bulk reflection amplitudes and compare them with those derived independently 
I2I1IIHI- Also we provide semiclassical checks. Furthermore, as previously described, 
we provide conformal boostrap analysis based on the N = 2 SLFT and its dual theories 
and confirme the one-point functions obtained from the modular transformations are 
consistent with the bulk and boundary actions. As byproducts, we obtain a relation 
between the continuous BC parameter and the boundary cosmological constants of the 
two dual theories. 

This paper is organized as follows. In sect. 2 we introduce the bulk and boundary 
actions of the N = 2 SLFT along with notations. Then, we derive the characters and 
their modular transformations in sect. 3. In sect. 4, we present our main results, the 
one-point functions and functional relations from the conformal bootstrap along with 
several consistency checks. We discuss a relation to boundary two-point functions and 
some concluding remarks in sect. 5. 
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2 N = 2 Super-Liouville Theory 



The action of the N = 2 SLFT with the boundary is given by 



5* 



where the boundary action is derived to be [12] 



{21] 
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(2.2) 



As in the LFT and the = 1 SLFT, one should introduce a background charge 1/6 so 
that the interaction terms in Eq. (j2.H) become the screening operators of the conformal 
field theory (CFT). As mentioned earlier, this background charge is unrenormalized 
due to the N = 2 supersymmetry and the N = 2 SLFT is not self-dual. 

The stress tensor T, the supercurrent and the U{1) current J are given by 

1 . ^ „ ^ , . , ^ . . 1 



T 







(2.3) 
(2.4) 



Using the mode expansions for the currents and their operator product expansion, one 
can find the N = 2 super- Virasoro algebra 

{G+,G;} = 2L,+, + (r-.)J,+, + ^(^r^-i^5,+„ {G+,G+}=0, 

r 



-m6. 



m+ni 



with the central charge 

c = 3 + 6/6l (2.5) 

Due to anti-periodicity for the (NS) sector, the fermionic modes are given by half- 
integers while for the (R) sector they are integer modes due to the periodicity. 
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The primary fields of the N = 2 SLFT are classified into the (NS) and the (R) 
sectors and can be written in terms of the component fields as follows [22]: 

N^- = e<^<^++s<^" , = ^±e"'^^+"*" , (2.6) 

where is the spin operators. 

The conformal dimensions and the U{1) charges of the primary fields Naa and R^-^ 
can be obtained: 

Al' = -«« + 4(« + «), Af, = A^# + l (2.7) 

and 

uj = -{a-a), uj'^ = uj±-. (2.8) 
It is more convenient to use a 'momentum' defined by 

a + a = ^ + 2iP, (2.9) 

and the U{1) charge u instead of a, a. In terms of these, the conformal dimensions are 
given by 

From now on, we will denote a (NS) primary state by |[-P, cu]) and a (R) state by 
\[P,uj,e]) with e = ±1. 

One can notice that the conformal dimenions and U{1) charges are invariant under 

a— > 1/6 — a, a-^l/b — a. (2-11) 

This means Naa should be identified with Ni/h^a,i/b-a and similarly, for the (R) primary 
fields, up to normalization factors. In terms of the momentum parameter, this means 
an invariance under P —P. In semiclassical picture where the primary fields can 
be described by plane waves with momentum P in the bosonic zero-mode space, this 
relation would imply that the wave with a momentum P is refiected off from the 
potential wall and changes the momentum to —P. This qualitative description can be 
extended to the full quantum region where the exact refiection amplitudes are defined 
and computed using the functional relation methods. We will be back to this issue in 
sect. 4. 



3 Characters and Modular Transformations 

A character is defined by the following trace over all the conformal states built on a 
specific primary state: 

X.(g,2/,t) = e^-^^*Tr[g^°-^/V°]. (3.1) 
5 



Here is a fixed constant for a given CFT and we set A; = 1 + 2/6^ for the N = 2 
SLFT. In terms of the modular parameters given by 

q = e^'''\ 2/ = e2"'", g' = e"'"'/", = e'™/" (3.2) 

the modular group SL{2, Z) is generated by the two elements T, S 

T : (r,z/,t) ^ (r + l,z/,t), 5 : (r, z/, t) ^ (-1/r, z//r, t - z/V2r). (3.3) 

While the character transforms simply under T 

X,(r,z.,t) = e2"(^-^/2^)x.(r,z/,t), (3.4) 

the characters transform under S nontrivially and are expressed by the modular S- 
matrix: 

Xhi-l/r,iy/T,t - u'^/2t) = ^Shh'Xh'ir, i^,t). (3.5) 

h' 

3.1 N = 2 SLFT Characters 

To compute the N = 2 SLFT characters, one should classify all the decendents by act- 
ing the super- Virasoro generators on a highest weight state, excluding not independent 
states j2S!- If we denote a (NS) primary field by the momentum P and U{1) charge u, 
the decendents are given by 

• • ■ Ll\Ll\ . . . J^^J^l . . . Gt,ifi^G\<i- ■ ■ ■ GZ,i^'^GZ^ifi^ \ [P, ^]) (3.6) 

where the exponents ni,mi are arbitrary nonnegative integers and = 0, 1 since 
Gf = 0. 

For generic values of P,uj, the N = 2 SLFT has no null states and the characters 
can be obtained by simply summing the states. Using the definition given above, the 
character is computed to be 



n=l 



2nikt P'^+b^Lu^ /4 m ^00 



e q • ' y 



ri{qf 

where we have introduced standard elliptic functions in the second line 

oo 

r/(g) = q"^'X[{l-q-), (3.8) 

n=l 

oo 

Oooiq.y) = \{[{l-q''){l+yq''-"'){l + y-h''~"')\. (3.9) 



n=l 



The denominator of Eq. ()3.7|) originates from the modes L_„ and J_„ and the numer- 
ators from G^r- 

For the conformal BCs of super-CFTs, one needs to consider characters and asso- 
ciated Ishibashi states of the (NS) sectors [24j. The (NS) characters are defined by by 

xF(g, y, t) = e'-^'^Tr [(-l)^g^-^/^^/»] . (3.10) 

For a = 2 SLFT primary field with [-P, cu], (—1)'^ term contributes —1 for those 
decendents with odd number of G%. This effect can be efficiently incorporated into 
the character formula by shifting y —y in the product. Therefore, the (NS) character 
is given by 

X^Ui^,y,t) = e--/^+^^^Vv^2^l|_I^. (3.11) 

The characters of the (R) sector are rather different. Decendents of a (R) primary 
field with [P, u;,e] whose conformal dimension and charge are given in Eqs. (j2.1(Jj) and 
()2.8|) are constructed by acting L_„'s, J_„'s and G%^s. While n is any positive integer, 
one should be careful for r. As noticed in j23j, the (R) primary states satisfy 

G^\[P,u;,±])=0. (3.12) 

Therefore, the (R) decendent module can include an extra state Gq | [P, cj, =]=]) and 
its decendents, respectively. Including these at each value of e, one can find the (R) 
character 

n=l ^ ^ ' 

where we introduce another elliptic function 

oo 
n=l 

3.2 Modular Transformations 

Here we consider only S transformation {q,y,t) {q',y',t') defined in Eq. ()3.3|l with 
t' = t — z/^/2r. For irrational CFTs such as the SLFTs with infinite number of pri- 
mary fields, the modular S'-matrix will be indexed by continuous parameters and the 
summation will be replaced by integrations. 

First, the modular transformation properties of the elliptic functions are well- 
known: 

Ooo{q',y') i6oQ{q,y) Oio{q',y') i 0oo{q, -y) 1 ^\ 
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Using these and Gaussian integrals, we have found the following modular transforma- 
tions: 

dP' / d^'cos(47rPP')e-^^''""'x[^x](9'2/'^)' (3-16) 

-OO J —CO 

/OO POO 
dP' / rf^'cos(47rPP0e-'^*''""'xfp'v,.](g,2/,t), (3-17) 
-OO J —OO 

POO POO 

Xfp,.,4q',y',t') = b dP' du' cos{A7iPP')e--^''--'xfpl^,^{q,y,t). (3.18) 



3.3 Chiral Primary Fields 

An interesting class of = 2 SLFT primary fields is a chiral (and antichiral) primary 
field defined by 

G\„mu;]) = Q. (3.19) 

Antichiral fields are defined by Gl^^g- Since they are almost the same, we consider 
only the chiral fields. If a primary field is chiral, then it should satisfy 

Gy2G\/^\[P,^]) = {'^Lo-J,)\[P,uj]) = Q ^ 2A = o^. (3.20) 

This means 

1 2 ^^^^ ^ fhu l\ , , 

We denote \uj) = \[P,uj]). All the decendent states of a chiral primary field including 
G^^^2 mode must be truncated from the Hilbert space. This means e^^^ = in Eq. (j3.6|) . 

The character of a (NS) chiral primary field, then, can be written as Eq. (j3.7p except 
one difference that the term (1 + yg"^^/^) starts from n = 2 because the mode 
does not contribute. This changes the character into 

X\.){q,y,t)-e ^^^^3 . (3.22) 



Using the method introduced in [22] , one can derive the modular transformation of 
the character as follows: 



7 /-OO poo 

x£:f(g',l/',0 = ^ dP' dco' 

^ J —OO J —OO 



- ^-nib^u^u^' cosh[27r6P'(cj -1- M 



2 cosh(7r6P' + ^^) cosh(7r6P' - ^ 



-nib^(cv-i)c.' cosh[2nbP'{iu - 



2 cosh(7r6P' + ^^) cosh(7r6P' ^ 



xfp',..']iq,y,t) (3.23) 



+ dJe-^'--^-^-'-^h^-'y'-xt'^^{q^yq\t). 

Similar formulae for the antichiral (NS) primary fields and (anti-) chiral fields of the 
(R) and other sectors can be obtained. 
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3.4 Identity (Vacuum) Operator 



As we will see shortly, the identity operator plays a very important role in our derivation 
of the one-point functions. Therefore, we need to derive the character of this. The 
vacuum state |0) = |[— i/26, 0]) satisfies 

Gty,\0) = 0, L_i|0) = 0. (3.24) 

This means that allowed decendents are given by Eq. ()3.6p with restrictions that ni = 
^1/2 ~ ^- Aftsr excluding these states, one can find the (NS) character is given by 

It is obvious that the two factors in the denominators arise in the same way as the 
chiral fields and the factor 1 — g in numerator comes from deducting the null state at 
level 1. If expanding the "specialized" character in a power series of q, we obtain 

X^fiq, 1, 0) = 1 + g + 2g3/2 + 3q' + . . . (3.26) 

We can identify first few levels with exphcit decendent states. As expected, the level 
1/2 states are all truncated out and there is only one state left at the level 1, namely, 
J_i|0). Two states at the level 3/2 should be G^g^glO) three states at the level 2 
are created by L_2, J_2, J^i- 

The modular transformation of Eq. ()3.25|) can be derived as before following 

/oo roo 
dP / dujSMs{P.^)X[pUq.y.t) (3.27) 
-oo J — oo 

"1+;^ r / 1 , 



duj' sin 



Sns{P,uj) = ^ — -jf- ^-H -1^- (3-28) 



sinh(27r6P) sinh (^) 
26-1 cosh {-KbP + ^) cosh {irbP - ^) 

The first terms in Eqs. ()3.23l3.27|) . which are of our main concern, can be also derived 
by expanding the denominators of Eqs. ()3.22l3.25|) . applying Eq. ()3.16|) . and resumming 
formally the infinite terms. However, this geometric sum can diverge and misses the 
contributions from the chiral primary characters.^ As explained in these parts 
are necessary and have physical meanings with respect to the spectral flows of the 
superconformal field theories [77] . 

We will need to know the modular transformation of the identity operator in the 
(NS) sector in the next section. For this, the Hilbert space of the conformal tower of 
''We thank the authors of for pointing this out. 
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the identity operator is the same as the (NS) sector. As explained previously, the basic 
difference in this character arises from the (—1)^ which changes y ^ —y in effect. 
Therefore, the character is given by 

Using the previous method P3j, one can find the modular transformation 

/CO poo 
dP / d^S^(P,^)xf>,^,,](g,l/,t), (3.30) 
-oo J — oo 



1^ 



duo' sin 



sinh(27r6P) sinh (^) 
26-1 sinh (7r6P + HL^) sinh (vrfeP - ^) 



SfiP,CU = ^ ^ — -rj- 3.31 



4 One-Point Functions in the Presence of Bound- 
ary 

In this section, we compute exact one-point functions of the (NS) and (R) bulk oper- 
ators Naa and of the N = 2 SLFT with boundary. The one-point functions are 
defined by 



{Nad^,0) = —^l^, (^^^(^^0)= I, \ . (4-1) 



with the conformal dimensions given in Eq. ()2.7p . We will simply refer to the coefficients 
U^^{a,a) and U^{a,a) as the one-point functions. 



4.1 Vacuum Boundary Condition 

According to Cardy's formalism, one can associate a conformal BC with each primary 
state |H]. For the N = 2 SLFT, there will be infinite number of conformal BCs. These 
BCs can be constructed by the fusion process and related to the one-point functions. 
Let us begin with the 'vacuum' BC which corresponds to the identity operator. First 
we introduce an amplitude as an inner product between the Isibashi state of a primary 
state and the conformal boundary state^ 

K^ip,^) = mmuj])). (4.2) 

'"'We denote a conformal BC in 'bold face' like and a conformal boundary state like |(0)). 
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From the modular transformation Eq. ()3.27|) . the amphtude satisfies the following rela- 
tion: 

<^(P,a;X^Vp,^) = S^s{P,u^). (4.3) 
Since ^^^V,^) = ^n-P, 

uj), one can solve this up to some unknown constant as 

follows: 

,P r (i - ibP + ^) r (i - ibP - ^) 

The unknown constant does not depend on P,uj and can not be determined by 
the modular transformation alone. We will derive this constant later in this section by 
comparing with the bulk refiection amplitudes. 

Similarly, for the (R) sector, we define the (R) amplitude by 

vI/^(P,^) = ((0)|[P,^,e])) (4.5) 

which satisfies from Eq. ()3.3()|) 

^^{P,u;)^^\p,u) = Sn{P,uj). (4.6) 
The solution is up to a unknown constant: 

r (-tbP + ^) r (1 - ibP - ^) 

ov , ; V 2 ^ r (-^) r(l - 2i6P) ^ ' 

Again, the unknown constant will be fixed later. 



4.2 Continuous Boundary Condition 

Now we consider a continuous BC associated with a primary field. This field should be 
(NS) and its U{1) charge should be zero because only the boundary neutral operators 
should appear. So, we consider the character of a (NS) primary state \s) = |[s,0]) and 
its modular transformation. The parameter s depends on the boundary parameter /x^ 
in Eq. (j2.2|) . In this case Eq. (|3.16|) becomes 

/OO /"OO 
dP diucosiA7rsP)x^p%{q,y,t). (4.8) 
-00 J —00 

Now following previous analysis of the modular transformation, this character should 
be written as 

Xflf(g',y',t')= / dP du;^^'{P,uj)^^'\P,uj)xfp%{q,y,t). (4.9) 
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Here we have defined an inner product between tlie conformal boundary state and an 
Isliibaslii state 

^^'{P,u) = {{s)\[P,u])). (4.10) 
From Eqs. (|4.8|) and (j4.9p . one can find 

^f^(P,cu)^^^^(P,cu) = 6cos(47rsP). (4.11) 
Now acting \I/^"^(P, cj) on tliis and using Eq. ()4.H|l . we obtain 

v^r(P,c.) = 6v,^^(P,..^^°^^'"^^) 



SArs(P,u;) 

r (1 + ^) r (2i6P) cos(47rsP) 

r i + z6P + ^ r i + z6P-^ 



One can follow the same step for the (R) sector. From Eq. ()H.17|l with P = s,uj = 0, 
one can find 

^^{P,uj)^^\p,uj) = 6cos(47rsP), (4.13) 

where 

^^{P,u) = {{s)\[P,u,e])). (4.14) 
Using Eq. ()4.6p on this, we can obtain 



^^{P,uj) = b^^{P,uj) 



Sr{P,uj) 

,p r (1 + ^) F (2z6P) cos(47rsP) 
^ ^ F 1 + ^6P-^ F z6P + ^ ^ ^ 



The amplitudes ()4.12|) and ()4.15|) we have obtained are the one-point functions of 
the two sectors up to some normalization constants. To fix these constants, we recall 
the relation proved in 

^'^^'^^ = wm ^ ^ ^ 

where k is a conformal BC, a primary field, and its Isibashi state. For the 
N = 2 SLFT, this relation means 

vl/p(-,/26,0)' ^^^^''^^-^FhTsM)- ^^-^^^ 
From Eqs. ()4.12|) and ()4.15|) we can obtain the one-point functions as follows: 



. r, F (1 + F (2z6P) cos(47rsP) 

F (i + «6P + ^) F (I + i6P - ^) ' 

p. X r. F (1 + ^) F (2i6P) cos(47rsP) 



T {1 + ibP - {ibP + ^) 
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where the normahzation coefficient TV can be fixed by 



f/f^(-^/26,0) = l^M 



(x^s)'^'''r(i + r^)cosh 



27rs 



(4.20) 



Then, from U^{—i/2b,0) = (o"^), one can find 



The constants X^s and will be fixed shortly. 
4.3 Bulk Reflection Amplitudes 

The invariance of both conformal dimensions and U{1) charges under Eg. 1)2.111) means 
that Ni/h_a,i/b-a should be identified with Naa and similarly for the (R) operators up 
to normalization factors. The refiection amplitudes are defined by two-point functions 
of the same operators 

D'^^ia a) D^(a a) 

with A^,Afjg given in Eq. ()2.7p . In general, identification of the two fields gives a 
relation 

{N^d^,z) ...) = D'''{a,a){m , {z,z) . . .) (4.23) 

b ' h 

and similarly for the (R) sector. Here the part . . . can be any products of the primary 
fields. 

It turns out that the computation of these quantities is much more complicated 
than that of the LFT or the N = 1 SLFT case. As we mentioned earlier, the reason is 
the lack of the self-duality. In ^H] , the reflection amplitudes of the primary fields with 
zero U{1) charges have been derived based on a conjectured N = 2 super-CFT which is 
dual to the N = 2 SLFT. While these results are based on the conjecture, the resulting 
reflection amplitudes have passed several consistency checks. Moreover, these results 
are in exact agreement with the reflection amplitudes which have been derived from 
certain integrable fleld theory with two parameters proposed in |2H] which generates 
N = 2 supersymmetry at special values of couplings [21]. This agreement between two 
independent approaches strongly supports the validity of the reflection amplitudes and 
the dual action. 

Here, we provide another independent derivation of the reflection amplitudes based 
on the one-point functions we have derived. This computation will provide not only 
another conflrmation of the results, but also can be used to flx the undetermined 
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constants. The reflection relations among the correlation functions can be used for a 
simpliest case, namely, the one-point functions. In this case, the relation becomes 

(iV,s(z,^)) = Z}^^(«,«)(iVi (4.24) 

b ' b 

{RMz,z)) = D\a,a){R.^. {z,z)). (4.25) 
These lead to the following equations: 

U^'{P,u) _^NS^p^^^^ I^iEl!± = D^iP,co). (4.26) 



For the neutral sector a; = 0, the reflection amplitudes has been derived in 

^ ' ' ~ r(i-^)r(i-zP6)r(i + ^P6)' ^ ^ 

D^(po) - ;,-^^p/^ r(i + f^)r(i-zP6)r(| + zP6) 

^ - " r(i-f^)r(i + .P6)r(i-.P6)- ^^'^^^ 



where 



4^7(-&' - 1)7 ( 1 + ^ ) 7 ( ^ + ) , (4.29) 



with 7(0;) = r(x)/r(l — a;) and the bulk cosmological constant /i in Eq. ()2.H] . 

Inserting uj = and using (j4.18p and (j4.19p . the reflection amplitudes in Eq. (j4.26|) 
are indeed in exact agreement with Eqs. ()4.27j) and ()4.28j) if and only if we identify the 
constants 

XMs=Xn= \2'''\Y\ (4.30) 



This provides a nontrivial check and completes our derivation for the one-point func- 
tions. Furthermore, we can use Eq. ()4.26|) to compute the reflection amplitudes for 
uj case 



6V 
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r(i-^)r(-226P) r(i + z6P + ^) r(i + z6P-^) 

(4.31) 

and 

D^(P - + n2.6P) r(i-.5P-^)r(-.6P + ^) 

^ ^ ' r (1 - f^) r (-2^&p) r (1 + ^6P - ^) r(z6P + ^) ' 

(4.32) 

These results can be compared with those from the two-parameter family models [21] 
and we checked that two independent results match exactly. 

To complete our derivation of the one-point functions, we should relate the bound- 
ary parameter s with the boundary cosmological constant /^s in Eq. ()2.2|l . In principle. 
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one should do this by deriving the functional relations following ^21 El El- Solving 
these coupled equations, one can find the relation between the boundary parameters. 
However, without the boundary dual theory, this method does not work well for the 
N = 2 SLFT. Instead, we analyze the pole structure of the one-point functions and 
compare them with direct calculations using the bulk and boundary action. 

For this, we consider one-point function of a neutral (NS) field N^a 



residue 



Af 



Q=(fe-i-n6)/2 



^-^ p\q\ 

p,q 



(4.33) 



where V, B are the interaction terms in the bulk and boundary actions. If we choose 
n = 1 (a = 1/26 — &/2), all terms vanish except p = 0,g = 2 which can be easily 
computed: 

-2ab 



i— 2 



-2/1 



/■oo 


i 


-2ab 




/ dxidx2 


Xi 




X2 


J —CXI 


2 







\Xi — X2\ 



87r7Z^'r(-6')7 ( —— 1 sin ( TT 



with 



_ 2 2 /^^^^ 



16/i|' 



The residue of Eq. ()4.18|) at a = a = Xj^h — hjl becomes 

^(2^^V)V2ijtg_eosh(2..6). 

-'^ ( 2 ) 



-(1+62) 



(4.34) 



(4.35) 



(4.36) 



Comparing these two, we find 



cosh(27rs6). 



(4.37) 



4.4 Conformal Bootstrap Approach 

The procedure to derive the functional equations satisfied by the one-point functions 
are identical to [121 CH CSl . Consider two-point functions of neutral operators. 



2b 2b 

where Rti/2b a degenerate (R) operator, whose OPEs are given by 



1 R„ 



+ C^^(a) 
+ C^(a 



R' 



(4.38) 

(4.39) 
(4.40) 
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Here the bracket [. . . ] means the conformal tower of a given primary field and the 
structure constants have been computed in PH] based on the dual N = 2 SLFT: 

K J ^- n ^ r(i-f + ^)r(f)' ^ ^ 

where /i, the cosmological constant of the dual theory, has been related to that of the 
N = 2 SLFT in 118]. 

These two-point functions can be expressed as 

(e, O = (« - ^r(e, O + C^\a)U^ [a + g^'{^, O (4.43) 

G^{^,0 = t/^"(«-0^^(e,r) + C^^(«)t/^'(« + 0^^(e,O (4.44) 
where ^±(^,^')'s are expressed in terms of the special conformal blocks 

with _ _ 

(e-n(?-f) 



(e-e')(e-a 

Here, the conformal blocks are given by the hypergeometric functions 

^Afs/ X " /. X 2 , 1 / 1 ^ 2a 2 2a 1 _ \ 

„rj, . a 1 / , 1 1 „ / 2a 1 2a 1 \ 

J-^iv) = V^-Hl-Vr^'-^Fi^— + l,-; — -- + 2;r^j 

^n, X a 1 X 2 , 1 / 1 ^ 2a 2 2a 1 

On the other hand, one can compute the two-point functions as both R^i/2b ^^'^ 
Na or R~ approach on the boundary. The fusion of the degenerate operator with 
the boundary is described by a special bulk-boundary structure constant which could 
be computed as a boundary screening integral with one insertion of the boundary 
interaction of the dual N = 2 theory if it were known. Since we can not fix it, we 
denote the unknown constant just as TZ{—l/2b). Then, we can obtain the system of 
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functional relations as follows: 

Although we do not know the bulk-boundary structure constant, we can elliminate it 
by taking ratio of above equations and find one relation which is complitely fixed. It 
can be shown that the one-point functions Eqs. ()4.18|) and ()4.19|) indeed satisfy this 
relation. This means not only that the one-point functions obtained from the modular 
bootstrap procedures are consistent with the N = 2 SLFT actions, but also that the 
N = 2 theory proposed in piH^ is indeed dual to the N = 2 SLFT. Furthermore, we 
can find the bulk-boundary structure constant as follows: 

_„,,f!^£y (4.47, 



Along with Eq. ()4.37|) . this equation relates the boundary cosmological constant of the 
N = 2 SLFT with that of the dual = 2 theory. 



4.5 Semiclassical Checks 



These results can be checked, semiclassically. As 6 ^ 0, the N = 2 SLFT 1)2.111 can be 
described by the Schrodinger equation 



1 f)2 7r2,,2/,2 



2d^l 



+ 



(4.48) 



where $o = {4>o + 0o )/2 iii terms of the zero- modes of 0^. Solving this, one can derive 
the reflection amplitude 

.2,,2\ -2iP/b Y 2iPj 



IT jJ, 



16 J r(i-2f)' 

and can show that this is consistent with Eq. ()4.3ip . 

Another interesting check is to compute the inner product semiclassically 



(4.49) 



ci$o*B.($o)^'p($o) 



(4.50) 
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where the boundary state can be expressed by the boundary Lagrangian following J2] 



■^bA%) = exp (-STT^fe-i/I^^e^*") , (4.51) 

with Jig a boundary cosmological constant defined in Eq. ()4.35|) . From this, one can 
find 

(W|,P..,Hf5^V^-^\f-V ,,52) 



which, along with Eq. ()4.37|) . agrees with Eq. ()4.12|) 



5 Discussions 



Using the one-point function, one can find a density of states which can be related to 
the boundary two-point functions. The partition function Z^^{q,y,t) with contiuous 
BCs on both boundaries parametrized by s and s' can be obtained as 

/oo /»oo 
dP duxfp%]{q',y',t')^^'iP)^^,'\P,co) (5.1) 
-oo J — oo 

with the amplitude ()4.12j) . This can be rewritten as 

J — OO 

POO POO 

= dP dwxfp%{q,y,t)pl^{P,u), (5.2) 

where pfJ{P,uj) is the density of states, 

A i*oo /»oo 

pf/(P,c.) = -/ du dv 

^ J —oo J —oo 

(5.3) 

This quantity is not well-defined at P = and is to be properly regularized. This 
density of states is, on the other hand, conjectured to be related with the two-point 
function d^^{P, uj\s, s') of boundary operator ra^'^ by 

= -^^^ogdr{P,u^\s,s'). (5.4) 

In this paper, we have derived one-point functions of the N = 2 SLFT and provided 
various consistency checks. Our consistency checks also confirms the validity of the 
dual N = 2 super-CFT conjecture in [18] and the boundary action proposed in [19]. 
It would be interesting to provide the boundary action for the dual theory so that 
one can complete the boundary bootstrap procedure for the N = 2 SLFT with the 
boundary. Our result can be applied to 2d superstring theories and related topics 



cosh(6t>) + cos(m) 
2 sinh(6f ) sinh(f /6) 



cos(2st') cos(2s't')e 



-2ivP—iuL0 
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generalizing the work on the = 1 SLFT JU]. These results also can be used to 
study the integrable quantum field theories with N = 2 supersymmetry which can be 
constructed as perturbed N = 2 SLFT. We hope to report a progress in this direction 
in future publications. 

Note Added 

After finishing this article, we found a paper |2E] which results overlap with ours in 
large part. While this paper deals mainly with the vacuum BC and applications and 
implications to the string theory, we are more interested in the one-point functions for 
a continuous BC in terms of the boundary cosmological constant and their relations to 
the conformal bootstrap equations. 
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